Abstract. An experimental study aimed at sensing the stress distribution characteristics of inclusions inside particulate assemblies subjected to axial compaction is presented. The particulate assemblies are made of powders and grains, in which photoelastic inclusions are embedded along the central axis of the assemblies at different elevations. Digital photo stress analysis tomography is used to obtain the contours of maximum shear-stress distribution and the direction of major principal stress within the inclusions under the external loading. Using this, an analysis is performed for understanding the implications of using Hertz theory based on discrete element modeling for simulating stresses in relatively big inclusions surrounded by particulates. In the case of the inclusions surrounded by the grains, the location at which the peak value in maximum shear stresses occurs within the inclusions deviates from that of Hertzian analysis. This effect is dominant in the case of inclusions residing close to the loading surface. Unlike granular materials, shear-stress distribution characteristics of inclusions in powder surroundings tend to display continuum-like behavior under external compression and points to the need for a deeper understanding of the effects of the surrounding materials in particulate beds with inclusions.
Introduction
Micromechanical analysis of particulate materials, such as powders and grains, has been of significant interest to academic and industrial communities, from beach sandcastles to chemical, pharmaceutical, food, geotechnical, mechanical, minerals, and materials processing sectors. Particulate media are composed of discrete particles, usually with different particle-scale properties and interparticle interactions, that are responsible for their complex behaviors at the macroscopic scale. 1, 2 Under different external loading environments, particulate media exhibit a variety of unusual characteristics at both microscopic and macroscopic scales which make them different from conventional solids, liquid, and gaseous matter. 3 Advanced particulate modeling methods, such as discrete element modeling (DEM) and molecular dynamics, have helped in understanding the microscopic origin of shear strength in particulate assemblies. 3 In particulate assemblies, force transmission occurs via interparticle contacts in a nonhomogeneous manner even under a homogeneous external loading environment. Under loading, particulate materials mobilize shear strength due to the contributions of only a small proportion (c.a. 25%) of all available contacts; these are referred to as strong contacts. 4, 5 The remaining contacts (weak contacts) contribute to support the strong force-transmitting contacts. Studies based on photoelastic experiments [6] [7] [8] have also reported nonhomogeneous distribution of stress-transmitting contacts 3 in granular assemblies under external loading environments. Such observations are supported by computational methods such as DEM, in which the micro-macro relationships of stresses are developed by averaging techniques 9 over the required subgroup of interparticle contacts 10 based on a statistical mechanics principle. In such calculations, multiple-interaction effects of contacts are usually not rigorously accounted. For example, using DEM it is difficult to obtain information on the nature of stress distribution "within" the particles. In DEM, stress calculations are performed using the interparticle contact forces while ignoring the distribution of them within the single-particle scale. To perform this task, one would have to couple DEM with other computational methods such as finite-element modeling (FEM), which is computationally intensive and often expensive. Further, DEM modeling of particulate systems with relative large inclusions in comparison with the size of surrounding particles is usually difficult to perform due to the computational difficulties associated with boxing 9 (i.e., choosing the dimensions of the grids in such a way that the contributions of all surrounding particles are accounted for when computing the average stress tensor of the large inclusions).
Recently, an experimental study based on photo stress analysis tomography (PSAT) was used for understanding the influence of wall boundaries on the nature of shear stress experienced by an inclusion for the positions close to wall boundaries. 11 The study shows the effectiveness of using the inclusions as a sensor to identify the level of shear dominant zones close to the walls in particulate assemblies. Other experimental approaches have also been used to characterize particulate assemblies. These include x-ray micro tomography, 12 nuclear magnetic resonance imaging, 13 and positron emission particle tracking, 14 but these are mostly aimed at probing the density and velocity distribution inside particulate samples. Visual information on how relatively big particulate inclusions sustain shear at different elevations inside a compaction chamber is still unclear. The current research addresses this challenge using digital PSAT methodology.
Background of Photo Stress Analysis
Tomography The working principles of photoelasticity methodology are well established. 15 Induced stresses in birefringent materials cause a change in their refractive index. The application of photo stress analysis utilizes the induced birefringence of the material to examine the stress distribution within the objects under consideration. The direction and magnitude of the components of maximum shear stress at any point can be determined by utilizing the fringe patterns which characterize the retardation of light (between the principal optical axes) passing through the optical setup, i.e., a circular polariscope. Two different types of fringes can be observed: isochromatic and isoclinic fringes. Isochromatic fringes are lines of constant principal stress difference (σ 11 -σ 33 where σ 11 and σ 33 are the major and minor principal stresses, respectively). The difference in the principal stresses at any point on the birefringent material, hence, the maximum shear stress, can be related to the fringe order using the stress-optics law. 15 Isoclinic fringes occur whenever either principal stress direction coincides with the axis of polarization of the polarizer. 15 Therefore, isoclinic fringes provide information about the directions of the principal stresses in the model. However, for convenience, they can be eliminated by using a circular polariscope 15 ( Fig. 1) . Image capturing and digital image processing techniques [16] [17] [18] [19] allow for the separation of the isoclinic and isochromatic fringe patterns relatively more quickly. Hence, both the maximum shear stress and the directions of principal stresses can be obtained at any point of interest in the birefringent material. We wish to point out that, in particulate systems, even linearly elastic grains could result in a nonlinear and plastic behavior at the bulk scale under mechanical loading. This could be due to the irreversible grain dislocations, which is an inherent property of discrete particulate systems. Hence, to avoid any confusion, an integrated (plane and circular) digital photoelastic tomography [17] [18] [19] [20] is referred to as PSAT in particulate engineering. 21 Figure 2 shows the schematic diagram of the axial compression rig used in the experiments. A circular inclusion (Young modulus 2.9 GPa, Poisson's ratio 0.355 and stress fringe value 0.14 kN∕mfringe) of diameter d ¼ 10 mm and thickness 3.2 mm was positioned at different levels from the loading surface (λ v ¼ 0, 1.75 d, 3.5 and 7 d), while the horizontal distance (λ h ¼ 13 d) remains constant from both ends of the wall. The wall and the loading pad (rigid) were made of a finely polished and smooth perspex sheet to minimize any frictional effects in this study. The depth of the particulate fillings inside the rig is 15 d. The study is carried out for elastic inclusions (birefringent) embedded in two different cases of particulate packing with regard to the number of contacts surrounding the inclusion (coordination number): Initially, particulate samples with the inclusion at the desired position were carefully prepared inside the compression rig as shown in Figs. 3 and 4 (size 270 × 150 × 3.2 mm) using an identical filling procedure (carefully controlled layered type filling and random packing) such that the initial bulk density of the samples of a particular type of material was independent of the position of the inclusion. We initially verified the effects of filling the packing on the repeatability of the experimental observations made in this study. As the samples were consistently prepared, the experiments were repeatable and errors in the measurements were within about 5%. Axial loading (P) was applied in small increments (quasistatic compression) to the desired levels.
Experiments

Analysis
The birefringent properties of the sensor particle were recorded and analyzed to obtain the distributions of maximum shear stress and direction of the principal stress for the experiments reported here.
Distribution of Maximum Shear Stresses within the Inclusions
The average distribution of maximum shear stress (τ max ) within the inclusion was determined by collecting birefringent data across four sections: 0 deg, 45 deg, 90 deg, and 135 deg (Fig. 5) . If a contact does not exist on these angular sections, the closest contact to them is considered. The starting point of the sections are always from the contacts identified as stated above and pass through the center of the disc to the point of their mirror image (finishing point). The results are presented in terms of the normalized depth of the inclusion, S where S ¼ r∕d.
Identifying the Location in the Inclusion Where Peak Value of Maximum Shear Stress Occurs
As mentioned above, the present study is also aimed at understanding some of the limitations in the current modeling techniques such as DEM using Hertz theory for defining interparticle contact interactions. This is performed by evaluating the distance at which maximum shear-stress peaks occur in the inclusion and this is compared to results using Hertz theory, 22 which ignores any interaction effects of contiguous contacts (Fig. 5) . Figures 6 and 7 show the contours of maximum shear-stress distribution within the inclusions embedded in the granular and powder packing, respectively.
Results and Discussions
In these plots, the arrows indicate the direction of the major principle stress in the inclusions under different load levels and locations (λ v ) from the loading surface. The results show that an increase in the load levels results in an increase in the maximum shear stress in the inclusion embedded inside both cases of the packing. In the case of the inclusion residing inside the powder packing and close to the loading surface (λ v ¼ 0), even under the low load level it experienced a significant level of maximum shear stress when compared with that of the granular packing. This suggests that the anisotropy in the stress transmitted through the contacts to the inclusion is relatively weaker in the case of granular surroundings than in the powder surroundings. This is also evident from the plots of the direction of the major principal stress in these inclusions. This trend is also widely observed in the case of inclusions residing away from the loading surface. Hence, a powder surrounding generally tends to induce a stronger anisotropy than a granular surrounding in the inclusions under axial compression. Another interesting aspect is that the inclusions away from the loading surface in granular surroundings tend to show a much weaker maximum shear-stress distribution profile (λ v > 0 in Fig. 6 ) when compared with that of powder surroundings (Fig. 7) under identical loading conditions. This suggests that the influence zone of shear in the powder bed spreads much deeper than in the case of the granular bed. However, far away from the loading surface (λ v ¼ 7 d), the type of the surrounding does not have much influence on the maximum shear-stress distribution of the inclusion (Figs. 6 and 7) , and hence displays a material independent behavior. Now, we consider the tendency of the powder surroundings to induce a relatively more continuum-like behavior. For this, in Fig. 8 we present the maximum shear-stress distribution for two typical combinations of the loading and packing environments of the inclusions: (1) inclusions residing close to the loading surface under a low load level (λ v ¼ 0 and P ¼ 3.11 N and (2) inclusions residing away from the loading surface and under a relatively higher load level (λ v ¼ 3.5 d and P ¼ 7.52 N). It is evident that in the case of the powder surrounding, the inclusion generally experiences a stronger anisotropy in bearing the shear stress. This is evident from the anisotropy in the direction of the major principal stress as shown in Figs. 8(a) and 8(b) . This behavior is observed more dominantly in the case of an inclusion positioned away from the loading surface [ Fig. 8(b) ], in which the direction of the principal stress acts along the axial direction; it is much more widely spread in relatively high magnitudes and displays a continuum-like behavior. The source point (from where shear contours originate and grow) is at the center of the inclusion, unlike in the case of granular packing where this occurs close to the boundary of the inclusion in a relatively less anisotropic manner. This would imply that the shear-dominant yielding and breakage of the inclusion are more likely to originate from the center of the inclusion inside the powder surrounding. The variation of maximum shear-stress distribution (average τ max ) in relation to the normalized depth (S) within the inclusion under different load levels, location (λ v ) and surrounding environments is presented in Fig. 9 . We observe the following: (1) in general, the distribution of maximum shear stress (τ max ) within the system is strongly nonhomogeneous within the inclusions for all load levels and locations in both particulate surroundings. It is strongly influenced by the closeness of the inclusion to the loading surface (2) in powder beds, where the inclusion experienced a higher magnitude of maximum shear stress at a relatively deeper depth inside the packing (at λ v ¼ 3.5 d, whereas in the case of the granular surrounding this occurs at 1.75 d) (3) at some instances, a lower level of external load results in relatively higher stresses in the inclusions at some locations. This phenomenon occurs as a result of fluctuations within the system. Miller et al. 23 previously studied the effect of fluctuations in granular systems and report that fluctuations are emphasized in small size inclusions (as is the case here −1 cm), and (4) the distribution of the maximum shear stress within the sensor particle attains the maximum value inside the particle. This occurs around the center of the inclusion in the case where it is surrounded by the powder bed. This suggests that, for this case, shear-induced yielding is most likely to occur at the center region of the inclusion rather than at the interparticle contact region (this mostly corresponds to granular surrounding). Further studies are required to characterize the yielding condition of the inclusions in relation to their surroundings.
4.58 6.05 Fig. 7 Contours of maximum shear-stress distribution in the inclusion embedded in the powder assembly. The arrows show the direction of the major principal stress (color coded to the same scale as presented in Fig. 6 ).
(1) Grains (2) Powder (a) λ v =0 and at a low load level P = 3.11N
(1) Grains (2) Powder (b) λ v =3.5d and at a high load level P = 7.52N Fig. 8 Contours of maximum shear-stress distribution in the inclusion embedded in the particulate packing. The arrows show the direction of the major principal stress (color coded to the same scale as presented in Fig. 6 . Figure 10 shows the estimate of the distance where maximum shear stress attains the peak value (z∕a maximum) in the inclusions embedded in the granular packing compared with the predictions based on the Hertz theory. 21 We point out that such an analysis for the case of inclusion in the powder bed is not presented here as perhaps it is not relevant. It is worth remembering that in the case of the inclusion embedded in the powder bed, the coordination number tends to be infinity, and the contact width "a" is disproportionately small when compared with the granular bed considered in this study. Form Fig. 10 it can be observed that, in general, the experimental results of z∕a differ significantly from predictions based on Hertz theory, especially when the inclusion is away from the loading surface (λ v > 0). Although Hertz theory does not account for the effects of interactions between the contiguous contacts, the analysis provides an indication of the strong effects of this that could result in multicontact particulate systems such as the inclusion considered in this study. This outcome has relevance to the DEM modeling of particulate systems as the methodology does not provide information on how stresses vary within the particle scale, an aspect desired in future studies for defining the strength criteria for individual particles under mechanical loading. Further analysis is required to understand why inclusions in some cases result in the position of the peak value in maximum shear stress slightly lower than that using Hertz analysis (e.g., P ∼ 6 N.
Also, the present study has used Hertz theory for obtaining the theoretical location of maximum shear stress occurring within the inclusions surrounded by the granular system and this is compared with the current experimental results. This is reasonable considering that the grains have a very low value of angle of repose (Fig. 2) . However, for relatively high frictional granular systems, models such as Hertz-Mindlin 22 could be used for this purpose.
Conclusions
Stress transmission characteristics in particulate systems are exceedingly complex and are difficult to understand. However, the current research (quasithree-dimensional (3-D) using 3-D particles and a two-dimensional compression rig) has shown the effectiveness of applying photo stress analysis in understanding some of the stress transmission properties at a single-particle (inclusion) scale inside bulk particulate systems subjected to axial compression loading. Stress transmission within the inclusions occurs in a highly nonhomogenous manner. Inclusions surrounded by powder materials display a strong and dominant deviatoric nature (as reflected by the values of maximum shear-stress distribution), whereas this nature diminishes in the case of granular surroundings. Generally, when the surrounding materials are made of powder, the system tends to act more like a continuum material and is shear dominant, as the direction of major principal stress displayed by the inclusion acts along the direction of axial loading. Thabit Barakat is a professor in the Physics and Astronomy Department, King Saud University, Riyadh. He has made several publications in his area of expertise, including mathematical methods in quantum mechanics, perturbation theories, and quantum mechanical systems. His current research includes fundamental level studies on cohesive energies and thermal stabilities of metallic nanoparticles and their applications in particulate processes. Optical Engineering 081202-7 August 2015 • Vol. 54 (8) 
